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Perfectly orderable graphs are such that an ordering xl > x 2 >.  " " > X n of the nodes can be 
found for which the sequential node coloring algorithm based on this order ("always use the 
smallest possible color") gives an optimum coloring for any subgraph. 
We characterize in terms of forbidden subgraphs two subclasses of perfectly orderable 
graphs: the superbrittle graphs are such that in any subgraph a node x can never be a midpoint 
of an induced P4 (path on 4 nodes) and an endpoint of an induced P,,. Maxibrittle graphs are 
such that in any subgraph there is no induced P4 having a node of maximum degree as an 
endpoint and there is no induced P4 having a node of minimum degree as a midpoint. 
1. Introduction 
Chv~ital has characterized the class of perfectly orderable graphs [3]. It consists 
of graphs for which an ordering xl > x2 >- • • > xn of the nodes can be found such 
that the sequential node coloring algorithm based on this order ("always use the 
smallest possible color") gives an optimum coloring for G' where G' is any 
subgraph of G (one takes in G' the ordering induced by the ordering in G). 
An ordering of the nodes of G has this property iff there is no induced P4 (path 
on 4 nodes) consisting of edges [a, b], [b, c], [c, d] with a > b and d > c [3]. Such 
orderings are called perfect orderings. Perfectly orderable graphs are strongly 
perfect [3] and hence perfect. 
There is no good algorithm for recognizing perfectly orderable graphs. A 
subclass of perfectly orderable graphs has been studied by Chv,~ital: it is the class 
of brittle graphs [4]. Again no good algorithm is known yet for recognizing brittle 
graphs. Our purpose is to characterize some subclasses of brittle graphs, the 
superbrittle and the maxibrittle graphs, in terms of forbidden subgraphs. 
All graph-theoretical terms not defined here can be found in Berge [1]. 
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2. Superbrittle graphs 
Let G = (X, U) be a graph. We shall eliminate its nodes one after the other as 
long as possible by applying two rules. First let P4(a, b, c, d) denote a chordless 
path on nodes a, b, c, d (i.e., a graph with edges [a, b], [b, c], [c, d]); a and d are 
called endpoints of P4(a, b, c, d), while b and c are midpoints. In general Pk will 
denote a path on k nodes and Ck will denote a chordless cycle on k nodes. 
Rule 1. If there is no induced P4 having node x as an endpoint, then x and all 
adjacent edges are removed. 
Rule 2. If there is no induced P4 having node x as a midpoint, then x and all 
adjacent edges are removed. 
Graphs from which all nodes may be removed by repeated applications of 
Rules 1 and 2 are called brittle by Chv~ital [4]. Such graphs are easily seen to be 
perfectly orderable. 
There are however perfectly orderable graphs which are not brittle (for 
instance ~k,  k >t 3, the chordless cycle with 2k nodes). This example shows there 
is no characterization of brittle graphs in terms of a finite collection of forbidden 
configurations. 
It is furthermore asy to see that if G is brittle, so is every subgraph of G. Also 
if G is brittle, so is its complement t~. 
We shall call a graph superbrittle if at any stage of the elimination procedure 
one may eliminate any remaining node by Rule 1 or 2. If G is superbrittle, so are 
all its subgraphs and so is its complement (~. 
Theorem 1. A graph is superbrittle iff it does not contain any one of the graphs C5, 
P5, Ps, A, ill, zr, ~r in Fig. 1 as an induced subgraph. 
Proof. (A) Assume G contains any of the graphs in Fig. 1 as an induced 
subgraph, then one can verify that the circled nodes cannot be eliminated by Rule 
1 or Rule 2; so G is not superbrittle. 
(B) Conversely, let us show that if G is not superbrittle, then it must contain 
some graph in Fig. 1 as an induced subgraph. Assume G does not contain any of 
these graphs and G is not superbrittle. 
There is a node a in G which cannot be eliminated; hence there is an induced 
P4 having a as an endpoint and an induced P4 having a as a midpoint. 
Let C = {a, b, c, d} be the node set of one of the induced Pa having a as an 
endpoint and C' the node set of one of the induced P4 having a as a midpoint (for 
simplification of notation C and C' will be considered as ordered sets; 
C'= {e, f, g, h} will correspond to P4(e,f, g, h)). We have several cases to 
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distinguish. We shall write ij (resp. ij) to indicate that nodes i and j are linked 
(resp. not linked) in G. 
Case1. cnc '={a,b ,c} .  
Case2. C n C' = {a, b, d}. 
Case 3. C n C' = {a, c, d}. 
Case4. COC'={a,b} .  
Subcase 4.1. C' = { e, f, a, b }. 
Subcase 4.2. C' = {e, a, b, f} .  
Case 5. C O C' = {a, v},  where v = c or d. 
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It is a routine job to verify that in each one of the Cases 1-5 the node a must 
belong to a subgraph of G isomorphic to some graph in Fig. 1. We shall only give 
here the study of Case 6. 
Case6. CNC'={a},  C '={e, f ,a ,g} .  
Claim 1. We must have lb. 
Proof. Assume fb, then we have: 
- fc (otherwise P4(f, a, b, c) and P4(a, b, c, d), so we are in Case 1; 
- df (otherwise P4(d, f, a, b) and P4(a, b, c, d), so we are in Case 2. 
But then we are in Case 4 with P4(a, f, c, d) and P4(e, f, a, g). [] 
Claim 2. We must have bg. 
Proof. Assume bg. Then we have: 
- gc (otherwise with P4(g, a, b, c) and P4(a, b, c, d), we are in Case 1; 
- dg (otherwise with P4(d, g, a, b) and P4(a, b, c, d), we are in Case 2. 
But then we have P4(a, g, c, d) and P4(e, f, a, g), we are in Case 4. So bg is 
impossible. [] 
Claim 3. We must have fc. 
Proof. Assume fc. Then we have: 
- fd (otherwise with P4(a, f, c, d) and P4(e, f, a, g), we are in Case 4); 
- dg (otherwise with P4(d, f, a, g) and P4(a, b, c, d), we are in Case 5); 
- cg (otherwise with P4(a, g, d, c) and P4(e, f, a, g), we are in Case 4); 
- ~ (otherwise ffs(a, f, e, c, g)); 
- de (otherwise with P4(a, g, d, e) and P4(e, f, a, g), we are in Case 2). 
But now we have either eb and then Ps(d,f,e, b,g) or eb and 
~(e, f, a, b, c, d, g). So fc is impossible. 
then 
Now we have: 
- g~ (otherwise with P40 r, a, 
- c~ (otherwise with P4(a, f, 
- df (otherwise with P4(a, f, 
g, c) and P4(a, b, c, d), we are in Case 5); 
e, c) and P4(e, f, a, g), we are in Case 1); 
d, c) and Pa(e, f, a, g), we are in Case 4); 
- ed (otherwise with Pg(a, f, e, d) and P4(e, f, a, g), we are in Case 1); 
- eb (otherwise we have Ps(d, c, b, f, e)); 
- ~ (otherwise with P4(d, g, a, f )  and P4(a, b, c, d), we are in Case 5). 
But then we have ~r(d, c, b, g, a, f, e). So Case 6 is impossible. Since we have 
examined all possible cases, it follows that G is superbrittle. [] 
Important remark. In part B of the proof of Theorem 1 there are only two 
situations where we get in G a graph of Fig. 1 which does not contain node a. By 
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considering these two situations (which are in Case 6), we can state the following 
result. A node a of a graph G is an endpoint of a/'4 as well as a midpoint of a/'4 
iff there is an isomorphism between a subgraph of G and one of the graphs of Fig. 
1 or a graph H or its complement H such that a corresponds to one of the circled 
nodes. (Here H is the graph with one circled node obtained by deleting the edge 
[3, 7] in the graph :r of Fig. 1; H is the graph with one circled node obtained by 
adding the edge [1, 4] in the graph :~ of Fig. 1). 
This result may be used in order to find a characterization f brittle graphs in 
terms of forbidden configurations. 
We now give as a consequence of Theorem 1 several characterizations of
superbrittle graphs. Here A(G) will denote the maximum degree in a graph G. 
The proof will be omitted. 
Theorem 2. For a graph G, the following statements are equivalent: 
(1) G is superbrittle ; 
(2) In every subgraph G' of G any neighbour of a node with maximum degree 
may be eliminated; 
(3) In every subgraph G' of G any node x with degree d6,(x) >I A(G') - 2 may 
be eliminated; 
(4) In every subgraph G' of G any node x with degree 2 or 3 may be eliminated; 
(5) Any two nodes which cannot be eliminated are at distance at least 3; 
(6) Any induced P4 contains at most one node which cannot be eliminated; 
(7) G has at most one node which cannot be eliminated. 
We shall now briefly mention a few results related to the replacement of a node 
by a graph for some subclasses of perfect graphs, including superbrittle graphs; 
the proofs which are elementary will be left out. 
By replacement in a graph G of a node x by a graph H (where the set of nodes 
of G and H are disjoint), we mean deleting node x (along with all edges incident 
to x) and joining each neighbour of x in G to all nodes of H. The resulting raph 
is denoted by Gx(H). By duplicating a node x we mean replacing x by a graph H 
with two nodes xl and x2. It is easy to verify the following statements: 
Faa 1. Duplicating a node of a superbrittle graph gives a superbrittle graph. 
Remark. Even if G and H are superbrittle, Gx(H) may not be superbrittle. For 
instance, let G and H be two P4's and x be an endpoint of G. Gx(H) is isomorphic 
to ~t in Fig. 1. 
Fact 2. Duplicating a node of a brittle graph gives a brittle graph. 
Remark. Even if G and H are brittle, Gx(H) may not be brittle. For example, let 
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G be isomorphic to the graph M of Fig. 2 and H be isomorphic to the graph/17/. It 
is easy to verify that G and H are brittle, but Gx(H) is not if x is the node of G 
with degree equal to one. 
Fact 3. If G and H are perfectly orderable, then Gx(H) is also perfectly 
orderable. 
Fact 4. If G and H are strongly perfect, then Gx(H) is also strongly perfect. 
3. Superfragile graphs 
In a similar way we may consider a class of graphs where P4's are replaced by 
Pa's in the Rules 1 and 2. Let us try to eliminate the nodes of a graph by applying 
the following rules: 
Rule 1'. If there is no induced P3 having node x as an endpoint, then x and all 
adjacent edges are removed. 
Rule 2'. If there is no induced P3 having node x as a midpoint, then x and all 
adjacent edges are removed. 
Graphs from which all nodes may be removed by repeated applications of 
Rules 1' and 2' could be called fragile, but these are precisely triangulated 
graphs. Indeed it is known that for these graphs there exists an ordering 
xl >- ' ->xn of the nodes such that there is no induced P3 with edges [a, b], 
[b, c], where b > a and b > c. (So, in fact, for these graphs Rule 2' is sufficient o 
eliminate all nodes; one need not use Rule 1'.) Such an ordering is called 
m-perfect; the greedy algorithm based on such an ordering gives a stable set with 
maximum cardinality [6]. 
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We observe that in the special case of (74, (75, Ps-free graph an t~-perfect 
ordering is easy to find. 
Property 1. For a graph G the following statements are equivalent: 
(1) G is a C4, C5, Ps-free graph; 
(2) For each subgraph H of G any ordering vl >" • • > vn of the nodes of H 
such that i < j, whenever vi, vj are linked and dn(vi) < dn(vj) is o~-perfect. 
The proof is left to the reader. 
As before, let us call a graph superfragile if at any stage of the elimination 
process any node can be eliminated. Clearly (super)fragile graphs are 
(super)brittle. We shall just state the following 
Theorem 3. A graph G is superfragile iff it does not contain any one of the graphs 
C4, P4, Kl  in Fig. 3. 
P4 C4 KI (for kite) 
Fig. 3 
4. Maxibrittle graphs 
We shall consider another subclass of brittle graphs characterized by the 
following property which is required for any subgraph G' of G: 
(a) There is no P4 having a node of maximum degree as an endpoint; 
(b) There is no P4 having a node of minimum degree as a midpoint. 
Graphs having these properties will be called maxibrittle; clearly if G is 
maxibrittle, then so is its complement (~. In such graphs, nodes of maximum 
degree may be eliminated by Rule 1, while nodes of minimum degree may be 
eliminated by Rule 2. 
Theorem 4. G is maxibrittle iff it does not contain any one of the graphs Cs, Ps, P5 
(see Fig. 1), F or f (see Fig. 4) as an induced subgraph. 
Proof. (A) One verifies that in the graphs Cs, Ps, Ps of Fig. 1 as well as in the 
graphs F, # of Fig. 4, the circled nodes are either endpoints of a P4 if they are of 
maximum degree or midpoints of a P4 if they are of minimum degree. 
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(B) Conversely let us assume that G does not contain any one of the graphs 
C5, Ps,/>5, F or F as an induced subgraph and that G is not maxibrittle. So there 
is a subgraph G' of G such that G' or G' contains a node a of maximum degree 
which is an endpoint of a /4 .  Without loss of generality we can__suppose that G' 
has this property. (Clearly if H is some graph among C5, Ps, Ps, F, /~, then its 
complement H is also one of them). It is then a routine task to verify that G' 
contains ome forbidden subgraph. [] 
Remark Duplicating a node of a maxibrittle graph may give a graph which is not 
maxibrittle. For the graph G1 of Fig. 5 duplicating node c (by replacing c by two 
isolated nodes Cl and c2) will give ~'(a, b, cl, d, e, c2). 
Also for the graph G2 of Fig. 5 duplicating node d (by replacing d by two linked 
nodes d land d2) will give F(a, b, c, da, d2, e). 
Remark. We may consider similar properties where we replace P4's by P3's. Let 
Am~ (resp. Amin) be the following statement: in any subgraph G' of G, there is 
no P3 having a node of maximum (resp. minimum) degree as an endpoint (resp. 
as a midpoint). 
Then one verifies immediately that G satisfies Am~ iff G contains no C4 and no 
P4. This class of graphs has been considered by Golumbic who called them 
trivially perfect [5, 6]. For such graphs, if O = (vl, • • •, v,) is an ordering of the 
nodes obtained by consecutively choosing a node of maximum degree in the 
remaining raph, then O is transitive. 
e c b a a b 
G l e c 
0 G 2 
d 
Fig. 5 
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However for graphs having the Amen property, there is no finite collection of 
forbidden subgraphs. Every chordless cycle of length at least 4 is forbidden and so 
is every pair of triangles linked by a chain of at least 2 edges. In fact G has the 
Amin property iff it does not contain such a graph. 
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